We present analytical expressions for the 31 five-particle phase-space master integrals in massless QCD as an ǫ-series with coefficients being multiple zeta values of weight up to 12. In addition, we provide computer code for the Monte-Carlo integration in higher dimensions, based on the RAMBO algorithm, that has been used to numerically cross-check the obtained results in 4, 6, and 8 dimensions.
INTRODUCTION
Nowadays, perturbative calculations play the key role in describing data from highenergy particle colliders, such as the LHC, as well as in improving the precision of numerical parameters in Standard Model and other models. It is clear now that higher-order calculations will play an even more crucial role in processing data from future high-luminosity colliders, like the FCC or the ILC, where theoretical errors will dominate over experimental statistical errors. These arguments motivate us to make one step forward beyond available fully-inclusive phase-space integrals for a four-particle decay [GGH04] and calculate a set of yet unknown integrals that corresponds to a five-particle decay of a color-neutral off-shell particle in Quantum Chromodynamics. These results, among others, are necessary ingredients in calculating various exclusive quantities with the method of differential equations where they are needed to determine integration constants, as for example discussed in [Git16, GM15] for the three-loop time-like splitting functions [AMV12] .
In this paper, we focus on the calculation of master integrals that can be used to express any other integral of the corresponding topology provided a set of integrationby-parts rules (IBP) [CT81] is known. Our approach is based on techniques for solving dimensional recurrence relations (DRR) [Tar96] described in [LM17a, LM17b] .
In particular, we use DREAM package [LM17a] to obtain numerical results for desired integrals with 2000-digit precision and restore analytical form in terms of multiple zeta values (MZV) [Fur03, BBV10, LM16] up to weight 12 using the PSLQ method [FBA99] as implemented in Mathematica. We also present a Monte-Carlo code, based on the RAMBO algorithm [KSE86] , for numerical integration of the phase-space integrals in arbitrary (integer) number of dimensions that has been used to check consistency of the obtained results. This paper is organized as following. In Section 2 we introduce our notation and describe our calculational method in more details. In Section 3 we provide complete results for four-particle integrals and discuss numerical cross-checks using MonteCarlo integration. In Section 4 we make final remarks. In Appendix A we provide the complete list of master integrals.
Additionally we provide auxiliary files on arXiv 2 containing the complete master integrals with MZV weight up to 12 as well as the Monte-Carlo integration routines with the corresponding results.
THE METHOD
We start by identifying a set of five-particle phase-space master integrals by constructing auxiliary topologies containing the four-loop massless propagators from [BC10] , taking all physical five-particle cuts of those, and performing the Laportastyle IBP reduction [Lap00, Lap17] implemented in FIRE5 [Smi15] . This gives us 31 master integrals listed in Table 1 with up to 6 unique propagators each. Our notation is
where
are propagators that take the form of invariant scalar products
dPS 5 is a five-particle phase-space element in D dimensions
2 https://arxiv.org and S Γ is a common normalization factor chosen for convenience to be
With this normalization and knowing the volume of the complete N-particle phase space
we can already fix the value of F 1 as
Next, with the help of LiteRed [Lee14] and FIRE5 [Smi15] we derive a set of lowering dimensional recurrence relations which express master integrals in D +2 dimensions in terms of master integrals in D dimensions:
In our case M can be shuffled into triangular form, with each F i only depending on itself and master integrals from lower sectors S i :
and the general solution being
where H i is a homogeneous solution of eq. (8), R i is a partial solution that can be constructed numerically with DREAM [LM17a] provided F 1 is known, and ω i (D) is an arbitrary periodic function that needs to be determined from separate considerations.
We argue that all ω i>1 are zero. To see this, first let us look at the asymptotic behavior of F i at large D. Rewriting eq.
(1) as an integral over invariants s i j gives
3 The dependence on q 2 here is trivial, and can be restored by power counting. We will omit it from now on, setting q 2 to 1.
where ∆ N is the Gram determinant defined as
and Ω k is the surface of a unit hypersphere in k-dimensional space
If ∆ N (s i j ) has a unique global maximum inside the integration region, we can apply Laplace's method to eq. (10) and find its asymptotic as
where C i is a constant that depends on the location of the maximum and the denominators
The global maximum of ∆ N is reached when all s i j (i = j) are identical and equal to 2 N(N−1)
. Geometrically this configuration corresponds to the vectors p i pointing to the vertices of a regular N-hedron embedded into Euclidean space of (N − 1) dimensions. The maximum value is then
and explicitly we get
It follows that all F i have identical asymptotic behavior up to a constant C i . As a confirmation, it can be shown that eq. (15) is asymptotically the same expression as we had for F 1 in eq. (6).
Next, we can find the asymptotics of the homogeneous parts of eq. Thus, to find F i we only need to find R i , the inhomogeneous solutions to eq. (8). We compute them as a series in ǫ = (4 − D)/2 using DREAM with 2000-digit accuracy and then restore the analytical form of the series coefficients in terms of MZVs using PSLQ method [FBA99] . In this way we obtain the analytical result for all master integrals up to MZVs of weight 12 using the corresponding bases from [Fur03] and the SummerTime package [LM16] for their numerical evaluation. Corresponding expressions are presented in Appendix A as well as in the auxiliary files on arXiv.
CROSSCHECKS

FOUR-PARTICLE INTEGRALS
As the first consistency check of our method we reproduce results for four-particle phase-space integrals reported in [GGH04] . We perform all the steps described in Section 2. Generating the IBP rules with the help of LiteRed and then proceeding with DREAM we obtain the final result with 2000-digit accuracy and MZVs up to weight 12. The series reconstructed with PSLQ (using the original notation, and omitting S Γ and q 2 factors) are: 
NUMERICAL VERIFICATION
As another cross-check we have calculated the leading terms of the ǫ-expansion of F i numerically using the direct way: through Monte-Carlo integration of eq. (1) over the phase-space. While such a technique can not be easily applied to divergent integrals, we can sidestep such an issue by noting that our master integrals only suffer from IR divergences that disappear already at D = 6. In this way we can check several leading terms of the expansion at D = 4 − 2ǫ by calculating the corresponding integrals in D ≥ 6 since both are connected by dimensional recurrence relations.
To calculate a finite integral of the form eq. (1) we choose a uniform mapping from a hypercube into momentum coordinates using an algorithm similar to RAMBO [KSE86] but extended into arbitrary D. Then we calculate the integrand from scalar products of the momenta, and finally we integrate over the hypercube using the Vegas [Lep78] implementation from CUBA [Hah05] .
Note that although the integrals we are calculating are finite, the integrands are not. Exposing an integration algorithm like Vegas to such infinities may lead to unpredictable behaviour, so as a precaution we choose to regulate these infinities by adding a small parameter α to the denominator of the integrand, and then to i The results of this method are summarized in Table 2 , and show good agreement between numerical and analytic results. Our integration program is written in C using the GNU Scientific Library [Gou09] and CUBA. Its source code can be found at https://hg.tx97.net/rambo, and also in the auxiliary files on arXiv. With a requested accuracy of 0.1% the complete integration takes less than two days on a 12-core machine, with each integration taking between a minute and two hours.
Numerical results Analytic results
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CONCLUSIONS
In this paper we present analytical expressions for five-particle phase-space integrals expressed in terms of multiple zeta values up to weight 12. The results are calculated using dimensional recurrence relation method with a 2000-digit accuracy using the DREAM package. We also present computer code for the numerical integration of phase-space integrals in a higher-number of dimensions that has been used to cross-check the obtained results with an accuracy of 0.1%. The approach presented here shows excellent performance for calculating single-scale integrals without ultraviolet divergences and can be easily applied to other problems of this kind.
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A. RESULTS
The main results of our work are listed below. For brevity, we truncate them up to MZVs of weight 6. Complete results with weight up to 12 are available in auxiliary files on arXiv. 
